Deblurring in the presence of noise is a hard problem, especially in ultrasonic and CT images. In this paper, we propose a new method of image deblurring in presence of noise, using symmetric Daubechies complex wavelet transform. The proposed method is based on shrinkage of multilevel Daubechies complex wavelet coefficients, and is adaptive as it uses shrinkage function based on the variance of wavelet coefficients as well as the mean and the median of absolute wavelet coefficients at a particular level. The results obtained after the application of the proposed method demonstrate an improved performance over other related methods available in literature.
Introduction
The major challenge of medical imaging science is to provide a way to enable faithful extraction of scientific and clinical information. The images obtained from medical instruments are generally of poor contrast and corrupted by blur and noise due to applications of various quantization, reconstruction and enhancement algorithms. For example, an ultrasound image can be viewed as a distorted version of original image, where the distortion operator is a convolution with a point spread function (PSF) of the imaging system. 1 Wagner et al. 2 suggested a special PSF, called scatter PSF for modeling blur in X-ray image. Images like PET and SPECT are also reported to be blurred. 3, 4 Recently it has been shown that CT scanners cannot resolve many important bone details, especially those of millimeter or submillimeter sized features due to presence of blur. 5 In this context, deblurring is an effective strategy 5 to resolve these minute details. These blurred images are often corrupted with various types of noise, for example, ultrasonic images are assumed to contain speckle noise and CT images are supposed to be corrupted by Poisson distributed random noise. 6 Corruption of blurred images with noise makes them poor for visual analysis. Sparseness, decorrelation and locality properties of wavelets make them very useful for blur as well as noise removal 7 from images. Although real-valued wavelet transform based techniques have given good results, but real-valued wavelet transform suffers from two serious disadvantages. [7] [8] [9] [10] [11] (i) its shift-sensitive nature and
(ii) no phase information. Recently a few attempts 12 have been made for shiftinvariant deblurring but the use of cycle-spinning make them computationally costly. To achieve shift-invariance, stationary wavelet transform 13 can also be used, but again this transform is computationally costly and it does not provide phase information as well. The use of complex-valued wavelet transform (CxWT) can minimize both the shortcomings of real-valued discrete wavelet transform (DWT).
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The complex wavelet transform has not been explored much when compared to the DWT. From the implementation point of view, complex wavelet transform can be implemented in different ways. The results have also been compared with the traditional Wiener filter. The rest of the paper is organized as follows: we briefly described the basic concepts of Daubechies complex wavelet transform and its properties in Sec. 2. Details of the proposed method are given in Sec. 3. In Sec. 4, the results after the application of the proposed method for deblurring in presence of noise are shown and they are compared with other methods with respect to mean square error (MSE), signal-to-noise ratio (SNR) and wavelet based blur measure (W). Finally in Sec. 5 conclusions are given.
Daubechies Complex Wavelet Transform
The basic equation of multiresolution theory is the scaling equation
where a n 's are coefficients. The a n 's can be real as well as complex valued and a n = 1. Daubechies's wavelet bases {ψ j,k (t)} in one dimension are defined through the above scaling function and multiresolution analysis of L 2 ( ). 28 During the formation of general solution, Daubechies considered a n to be real-valued only.
Relaxing the condition for a n to be only real-valued will lead to Daubechies complex scaling function and this leads to complex Daubechies wavelet transform. The construction of complex Daubechies wavelet has been done as in Lina and Mayrand.
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The generating wavelet ψ(t) is given by,
Here ψ(t) and φ(t) share the same compact support [−N, N + 1]. Any function f (t) can be decomposed into complex scaling function and mother wavelet as:
where, j 0 is a given resolution level, {c j0 k } and {d j k } are known as approximation and detail coefficients. The Daubechies complex wavelet function can be made symmetric. 10 We have used Symmetric Daubechies complex Wavelet (SDW) transform. All the usual properties of real Daubechies wavelet bases are derived from the amplitude. 28 Thus those properties are maintained in the complex solution. However, complex Daubechies wavelets exhibit two other important properties as follows.
Reduced shift sensitivity
Daubechies complex wavelet transform is approximately shift invariant. A transform is shift sensitive if an input signal shift causes an unpredictable change in transform coefficients. In DWT shift sensitivity arises from downsampling in the implementation. Figure 1 shows a circular edge structure reconstructed using real and complex Daubechies wavelets at single scale. From Fig. 1 , it is clear that as the circular edge structure moves through space, the reconstruction using real valued DWT coefficients changes erratically, while complex wavelet transform reconstructs all local shifts and orientations in the same manner. 29 From Fig. 1 , it is also clear that Daubechies complex wavelet transform is rotational invariant. 
Availability of phase information
The phase of an image plays an important role in many coherent image processing applications like ultrasonography. The phase of complex wavelet coefficients represents the skeleton of the signal. Two dimensional DWT does not provide phase information at all. The results presented in Clonda 10 suggest that the magnitude and the phase of wavelet coefficients are collaborating in non-trivial way to describe the data. The phases encode most of the coherent (in space and scale) structure of the image while the modulus mostly encodes the strength of local information that could be corrupted with noise. The complete understanding of informational content of the phase of wavelet coefficients is still an open problem.
The Proposed Model

The problem and the related work
The image observation model is represented as
where y is an observed image consisting of degradation of unknown desired image x by circular convolution (denoted by * ) with a point spread function of impulse response h and n is the amount of noise. The objective is to recover x from known y. Simple denoising followed by deblurring will distort the image and create blocking artifacts, 30 while simple deblurring creates a complicated noise structure. 25 If the noise is Gaussian additive then the problem is comparatively easier and some literatures are available for wavelet based deconvolution in the presence of Gaussian noise. 12, [20] [21] [22] [23] 25, 27 However, if the noise is non-Gaussian then the problem becomes very difficult and a few literature deal with blur removal in presence of salt-andpepper noise. 30 In Fourier domain, the observation model given by Eq. (3.1) is
where Y, H, X and N are discrete Fourier transforms of the observations y, impulse response h, desired signal x and noise n. If the system frequency response H is invertible, an unbiased estimate of x can be obtained in Fourier domain,
However, if H is very small, the noise is enormously amplified, which yields an extremely noisy estimate. Here the term H −1 N introduces colored noise in the image. Thus the problem is an ill-posed inverse problem, as the noise contaminates the data and the inversion process strongly amplifies the noise. Noise amplification can be alleviated by using an approximated, regularized inverse filter instead of a pure inverse filter. Regularization aims to provide a better solution by reducing noise in exchange for some bias in the estimate and becomes essential in situations involving ill-conditioned systems. Most of wavelet based deconvolution approaches attempt to use shrinkage function to remove colored noise.
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The important contributions for wavelet based deconvolution problem are WVD, 20 ForWaRD 25 and WaveD. 27 All of these methods work in two stagesdeblurring followed by removal of colored noise. WVD algorithm employs a scale dependent universal threshold to estimate the signal wavelet coefficients. Unfortunately, WVD was designed to deconvolve only a limited class of scale invariant systems. ForWaRD applies Fourier domain shrinkage after computing pseudoinverse filter estimate followed by wavelet domain shrinkage. The performance of ForWaRD is good only for Boxcar blur with low noise levels. WaveD uses Meyer wavelet for computing wavelet transform. It applies hard thresholding on wavelet coefficients by computing threshold at multiple levels. One modification in WaveD has been done by Donoho and Raimondo. 12 They proposed translation-invariant wavelet deconvolution (TI-WaveD) for getting translation invariant deblurred estimate. The limitation of WaveD and TI-WaveD is dependence of their performance on tuning of some parameters. Also TI-WaveD is computationally costly due to use of cycle-spinning.
The method
The white noise is uniformly distributed across the subbands, while the image transform concentrates over a small number of coefficients. Figure 2 shows the fact that the wavelet transform corresponding to the actual image gives a small number of significant wavelet coefficients. If we consider deconvolution as a denoising problem, then we have to deal with colored noise. It has been shown in Fig. 3 that the high frequency subbands are contaminated by the deconvolved noise, so that the signal present in these subbands is not recoverable by any simple thresholding method.
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We have proposed a method, which applies pseudo inverse filter in Fourier domain. Colored noise due to application of pseudo inverse filter can be removed by multilevel thresholding of the complex wavelet coefficients. The proposed method works in two stages -deblurring followed by the residual noise removal.
Deblurring
Apply the pseudo-inverse filter in Fourier domain, to getX, an estimate of X in Fourier domain, as in (3.3),
Inverse Fourier transform ofX gives deblurred estimatex. Here the term N/H causes colored noise in deblurred estimate which is removed in the next stage.
Noise removal
Recently we have proposed a multilevel adaptive threshold 6,7 and a soft-shrinkage function, which depends on three statistical parameters of complex wavelet coefficients: the variance of wavelet coefficients, the mean and the median of absolute wavelet coefficients at a particular level. The theoretical derivation of soft-shrinkage function has been given in the Appendix. It has been shown 6,7 that the proposed threshold is capable of removing the signal dependent as well as signal independent noise. We extended our proposed multilevel threshold based denoising framework to remove colored noise in complex wavelet domain. Our proposed method for colored noise removal is as follows:
(i) Compute symmetric Daubechies complex wavelet transform of pseudo inverse filtered estimatex, called w. (ii) Set the level-dependent threshold
where j is resolution level, σ is the standard deviation of wavelet coefficients, µ and M are the mean and the median of absolute wavelet coefficients at the jth level for a particular subband. (iii) Compute the soft-shrinkage function
Apply this soft-shrinkage function on magnitude of complex wavelet coefficients (w ) to getw = f (σ).w, as discussed in the Appendix, using computed threshold of Eq. (3.5), at different resolution levels. Retain the phase component of complex wavelet coefficients. (iv) Apply inverse wavelet transform on shrunk wavelet coefficients to obtain the denoised image.
Our proposed multilevel algorithm is fully adaptive and the parameters depend on the blurred and noisy image. This algorithm also enjoys the translationinvariance due to the use of complex wavelet transform. The algorithm can deblur the blurred images corrupted by signal dependent non-Gaussian as well as signal independent Gaussian noise.
Experiments and Results
Here we present the results of the proposed method and compared our results with other popular methods. We have performed our experiments on simulated 256 × 256 medical images. As a quantitative performance measure the mean square error (MSE), 33 the signal to noise ratio (SNR) 33 and the wavelet based blur measure (W) 32 has been used. The wavelet based blur measure (W) is defined as,
where h w (x) are the high pass wavelet coefficients of signal x. Because of norm preservation in the wavelet based blur measure (W ), blurring of image decreases the energy in the high pass bands and simultaneously increases the energy in the low pass bands, so the measure, W, decreases by increasing the blur amount.
For one representative case, the findings of our proposed method is shown in Fig. 4 we have done shrinkage upto the 8th level and used SDW14 complex wavelet, as it has been reported 7 that it is an optimal choice for denoising. Figure 5 shows the superiority of the proposed method over others when the blurred image is corrupted by heavy amount of noise (SNR = 1.3 dB). Table 1 present the results for deblurring of three different test blurred and noisy diagnostic images. The wavelet based performance measure (W ) and SNR have been used for comparison of results in Table 1 . Figure 6 shows the plot of the mean square error (MSE) of noisy and blurred image with MSE of images deblurred by the proposed method as well as TI-WaveD, ForWaRD and the Weiner filter. Here in this experiment we have taken a combination of Uniform, Boxcar and Gaussian blurs and noise as combination of Gaussian additive, speckle and impulsive noise. These results clearly demonstrate the superiority of the proposed method over others. The results for the presence of specific types of noise in blurred images are shown in the Tables 2 and 3 in terms of SNR values. Here a test diagnostic image has been taken and blurred by various types of blur and different amounts of noise were added. From the results presented in Table 2 it is clear that the performance of the proposed method is better than that of ForWaRD, TI-WaveD and the Weiner filter, for image having any type of blur and corrupted by signal dependent speckle noise.
The results presented in Table 3 indicate that for the image corrupted by signal independent Gaussian noise and having uniform blur, the proposed method is better at medium noise level while at low and high noise levels, TI-WaveD is better. Performance of the proposed method is also better at low and medium noise level for the images having Gaussian blur, while at high noise level TI-WaveD is better. In the presence of boxcar blur, at low noise level ForWaRD is better, at medium noise level the proposed method is better and at the high noise level TI-WaveD is better. Although the proposed method is far better than the Weiner filter, ForWaRD and TI-WaveD. However, here it is necessary to mention that deblurring in the presence of noise adds some artifacts in the image, which cannot be completely removed by the proposed method as well as other methods. However, Figs. 4 and 5 support the fact that the artifacts added are quite less in case of the proposed method compared to those of other methods.
Conclusions
Deblurring of blurred image in presence of noise is always a great challenge, because the removal of blur converts part of noise into colored noise. In this paper, we addressed this issue and presented a new, robust and efficient complex wavelet domain deblurring method in presence of noise. The presented method first applies pseudo inverse filtering in complex wavelet domain on blurred and noisy image. Application of pseudo inverse filter removes blur, but adds colored noise, which is more difficult to remove. We have shown experimentally that the colored noise can be removed by applying multilevel soft-shrinkage in complex wavelet domain, using an adaptive level-dependent threshold, whose threshold value depends on the standard deviation of complex wavelet coefficients, the mean and the median of absolute complex wavelet coefficients, at a certain level. Application of multilevel shrinkage up to 7-10 levels gives good results. The proposed method is translation invariant due to use of Daubechies complex wavelet transform and can be applied to images having different types and amounts of blur and noise. The results presented in the paper demonstrate superiority of the proposed method over the Weiner filtering, ForWaRD and TI-WaveD.
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Appendix. The Soft Shrinkage Function
Wavelet coefficients of a noise free image are modeled as Gaussian.
10 Figure 7 shows scatter plot of detailed complex wavelet coefficients of a noise free image. From this figure it is evident that the scatter plot is symmetric. In most of the cases the noise can be modeled as additive and multiplicative noise or their combinations. 6 Hence the general observation model in complex wavelet domain can be represented as,
where, θ represents the wavelet coefficients of noise free image. n G and n S are the contributions to the wavelet coefficient due to Gaussian additive and speckle multiplicative noise. The distribution of Gaussian additive noise in wavelet domain is assumed to be zero-mean,
The distribution of speckle noise in wavelet domain can be modeled as Gamma distribution, as
We have observed that for fitting of actual wavelet coefficients of speckle noise to this model requires value of parameter λ to be positive odd integer greater than 2. The probability distribution of w|θ is the distribution of noise n = w−θ and since the wavelet coefficients of a noise free signal is modeled as a Gaussian distribution so, 
